ABSTRACT This paper studies the stability of the spacecraft rendezvous system with asymmetric input saturation and multiple input delay based on the parametric Riccati equation. The input delay is arbitrarily large and bounded. The asymmetric input saturated system is converted to a switched system with symmetric input saturation for the stability analysis. The low gain feedback controller is designed to ensure the stability of the closed-loop system and to settle the problems of the asymmetric input saturation and multiple input delays. The simulation results illustrate the effectiveness of the theoretical results.
I. INTRODUCTION
Considering the limitation of the physical instrument or equipment, actuator saturation nonlinearity exists widely in control system, such as robot control system, aerospace control system, manufacturing system, etc [1] - [8] . Ignoring actuator saturation will result in the failure of the control task or instability of the control system. In the last few decades, many research results can be found for the input saturated control system, which mainly focused on the stability analysis of the control system, the estimation of the attraction region of the local stability system and the controller design [9] - [14] .
Time delay exists widely in various practical systems, such as biological, social and engineering systems [15] - [17] . The system generally responds to the errors once the errors occur, and if the errors are not reduced or eliminated as expected, the errors become larger. However, for a time-delay system, the errors will only begin to change after the delay. Thus, the existence of time delay will lead to overshoot and even instability of the system [18] , [19] . One of the most effective method of the stability analysis for time-delay system is the Lyapunov-Krasovskii function method [20] - [23] . The key of this method is to select the appropriate Lyapunov-Krasovskii function. If the time derivative of the Lyapunov-Krasovskii
The associate editor coordinating the review of this manuscript and approving it for publication was Xiaojie Su. function along the state trajectory of the system is negative, the stability of the control system can be guaranteed. The methods based on the Razumikhin theorem also fall into this category [24] . Some results on the stability analysis of input time-delay systems have been obtained [25] - [28] . However, the time-delay systems are essentially infinite dimensional systems. There is no unified and effective stability analysis tool for infinite dimensional systems, and the control theory of time-delay systems is incomplete. Thus, there are still many problems yet to be solved.
Actuator saturation is an important control problem in spacecraft orbital rendezvous. The thrust produced by a thruster is limited, which leads to the generation of actuator saturation nonlinearity [29] , [30] . In recent years, many results were available on the spacecraft rendezvous system with actuator saturation [31] , [32] . Each spacecraft will be equipped with high-speed computer which is used to detect back and forth time of the pulse from the spacecraft to the target spacecraft. Further, real-time calculation of the position or attitude of the target or adjacent spacecraft can be obtained. Since the speed of light is finite, the back and forth time is not zero which will lead to the time delay. Therefore, it is very important to study the control problem of spacecraft rendezvous system with input saturation and input delay. Some results have been reported for the control of spacecraft rendezvous systems with input delays and actuator saturation [33] , [34] . However, most of these results fail to consider the multiple input delays and asymmetric input saturation which attracts our research interest.
In this paper, we study the spacecraft rendezvous system with asymmetric input saturation and multiple input delays. In fact, the asymmetric input saturation is a special case of symmetric input saturation. Therefore, the study of asymmetric input saturation is more generally significant. The main contributions of this paper are designing a low gain feedback controller to guarantee the stability of the closed-loop system and settling the problems of asymmetric input saturation and multiple input delay.
Notations: Let A T denote the transpose of the matrix A and I 6 represent the 6-dimensional identity matrix. The notation M > 0 stands real symmetric positive definite matrix. We use tr(A) to denote the trace of the matrix A. X t = X (t + γ ), ∀γ ∈ [−τ, 0]. Diag{} denotes the block diagonal matrix. rank [A] denotes the rank of matrix A. The symbol sign denotes that sign(z) = 1 if z ≥ 0 and sign(z) = −1 if z < 0.
II. MODEL DESCRIPTION AND PRELIMINARIES
Considering the circular orbit coordinate system O − XYZ in Fig. 1 [35] with X axis along the radial direction, Y axis along the flight direction of the target and Z -axis out of the orbit plane, respectively. It is assumed that the target spacecraft is adjacent to the chaser spacecraft, and the target spacecraft is in a circular orbit with the radius R. We use r to denote the vector from the target spacecraft to the chaser spacecraft. The relative motion between the target spacecraft and the chaser spacecraft can be described by Newton's equations [36] 
where, µ = GM denotes the gravitational parameter, M is the mass of the center planet and G is the gravitational constant, ω = µ 1/2 /R 3/2 is the orbit rate of the target orbit, x(t), y(t), z(t) denote the relative positions of the two spacecrafts in the three axes,ẋ(t),ẏ(t),ż(t) denote the relative velocities of the two spacecrafts in the three axes, a 1 (t), a 2 (t), a 3 (t) denote the accelerations supplied by the thruster of the target spacecraft in the three axes,
SAT (·) denotes the asymmetric saturation function that defined as
where,
By the one order Taylor expansion of the nonlinear term σ , we can obtain the linearized equation of system (1)
When considering the input delay, system (3) can be rewritten as
By choosing the state vector
and
system (4) can be written aṡ
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In order to deal with the asymmetric saturation function, we give the following mathematical transformation. According to [37] , define the new actuator saturation level
Then, the asymmetric saturation function can be written as 2 m symmetric saturation function Sat j (u) which is defined as
, where j corresponds to the j−th controller. Thus, system (7) with asymmetric input saturation can be expressed as a switched systeṁ
and the unit symmetric saturation function is defined as
Proposition 1: Consider system (7) and the matrices A and B i , i = 0, 1, 2 in (8), (9) and (10), system (7) is controllable and all the eigenvalues of the matrix A are on the imaginary axis.
Proof: Obviously, the eigenvalues of the matrix A are 0, 0, ±nj, ±nj.
Let
We can compute
Obviously, system (7) is controllable. Now, we give the following Lemmas which we will use in the later derivation.
Lemma 1 [38] : Considering the following parametric Riccati equation
where, (A, B) is given in (8) and (22), the low gain parameter ς > 0. According to Proposition 1, (A, B) is controllable and all the eigenvalues of the matrix A are on the imaginary axis, then parametric Riccati equation has a unique positive definite solution P(ς ) = W −1 (ς ), where W (ς) is the unique positive definite solutions to the following Lyapunov equation
The properties of the parametric Riccati equation can be summarized as
• e A T t P (ς ) e At ≤ e ες t P (ς); where, t ≥ 0, ε ≥ 5.
Lemma 2 [39] : For any positive definite matrix Q > 0 and two constants ς 1 and ς 2 with ς 2 ≥ ς 1 , and a vector valued function f : [ς 1 , ς 2 ] → R n , then we have
III. MAIN RESULTS

Theorem 1:
Consider system (7) with Proposition 1, P (ς ) is the unique positive definite solution to (23) , then design the following controller
to guarantee the stability of system (7), where ς * > 0. Proof: Consider system (19) without input saturation, then (19) can be written aṡ
Consider the designed controller
the closed-loop system can be represented aṡ
Choosing the following Lyapunov function
The time derivative of the Lyapunov function (29) along the closed-loop system (26) iṡ
The time derivative of (t) and ρ (t) are shown as follows,
andρ
The time derivative of V (ρ (t)) iṡ
In view of (28), we have
Inserting (37) into (36), (36) can be continuously deduced aṡ
The time derivative of Y i (X t ) in (32) iṡ
According to (38) and (39), we havė
According to Lemma II, there is ς * to satisfy the following relation
where ϑ ∈ (0, 1]. Thus,
According to the Razumikhin stability theorem, the closedloop system is stable. By (43), we have
In view of (21), we obtain
Consider (45), (46) and (25), we get
12ςλV (X 0 ) can be continuously derived as
When is bounded, obviously, we can obtain
Thus,
For any ς * ∈ (0, ς * , we have
For any t ∈ −τ q , 0 , we have
where, Because the set is bounded, there is ς * 1 ∈ (0, ς * to satisfy the following inequality
The proof is finished.
Remark 1: The obtained equivalent system (19) is used for the stability analysis. The designed controller is depended on the parameter γ and time-delay τ i , i = 0, 1, 2.
Remark 2: 
Corollary 1: Consider system (53), design the following controller
to make system (53) stable. Where, P (ς ) is the unique positive definite solution to the following parametric Riccati equation
IV. NUMERICAL SIMULATION
In this section, an example is given to illustrate the effectiveness of the designed controller. We conduct the simulation on (7) with asymmetric input saturation directly. Consider system (7) with the orbit rate ω = 7.2722 × 10 −5 rad/s, the radius of the geosynchronous orbit R = 42241km. The initial state is X 0 = 8000 5000 −6500 4 −8 5
T . Set θ i = 0.05, ϕ i = 0.01, i = 1, 2, 3, ς = 0.003, τ 0 = 100, τ 1 = 200, and τ 2 = 300. The matrix P(ς ) can be computed by solving the parametric Lyapunov equation (23) . Then, the controller can be computed by (25) . The curve of the relative positions and relative velocities of the two spacecrafts can be found in Figs. 2 and 3 , which show that the closed-loop system is stable. Fig. 4 shows that the control input is not saturated.
V. CONCLUSION
This paper designed a low gain feedback controller for the spacecraft rendezvous system with asymmetric input saturation and multiple input delays based on the parametric Riccati equation. The designed controller can guarantee the stability of the closed-loop system and solve the control problems of the multiple input delays and asymmetric input saturation. In the future, the obtained results can be extended to the input saturated system with infinite-distributed delay.
